This study has been motivated by the observed difference in the range of the power-law attenuation exponent for compressional and shear waves. Usually compressional attenuation increases with frequency to a power between 1 and 2, while shear wave attenuation often is described with powers less than 1. Another motivation is the apparent lack of partial differential equations with desirable properties such as causality that describe such wave propagation. Starting with a constitutive equation which is a generalized Hooke's law with a loss term containing a fractional derivative, one can derive a causal fractional wave equation previously given by Caputo ͓Geophys J. R. Astron. Soc. 13, 529-539 ͑1967͔͒ and Wismer ͓J. Acoust. Soc. Am. 120, 3493-3502 ͑2006͔͒. In the low ͑low-frequency͒ case, this equation has an attenuation with a power-law in the range from 1 to 2. This is consistent with, e.g., attenuation in tissue. In the often neglected high ͑high-frequency͒ case, it describes attenuation with a power-law between 0 and 1, consistent with what is observed in, e.g., dynamic elastography. Thus a unifying wave equation derived properly from constitutive equations can describe both cases.
I. INTRODUCTION
It has been well established for quite some time that wave attenuation in many materials including tissue and even on the cellular level follows a power-law over several decades of frequency variation, i.e.,
with ␣ 0 and y being constants that characterize the medium. Typically compressional waves in the megahertz regime are attenuated with an exponent y between 1 and 2, 1 and, in particular, in human tissue. Shear wave dispersion properties have recently gained increasing interest in the medical community for the additional characterization of pathologies that it may provide. This is due to the development of new imaging modes such as magnetic resonance ͑MR͒ elastography 2,3 and ultrasound elastography. 4 Shear wave attenuation in the hertz regime in tissue normally demonstrates exponents below 1, 5 and the same range is found for plastics in the megahertz range. 6 The aim of this paper is to demonstrate that these different dispersion behaviors can be explained theoretically using one common wave equation where attenuation has been introduced via fractional derivative operators. Causality of the wave equation has been a problem in many previously proposed fractional wave equations. This is taken care of when the wave equation is derived from a proper constitutive equation; in this case, it is a generalized Hooke's law with a fractional derivative term. The high and low value ranges for the power-law exponent y can be related to two different regimes, corresponding to two different approximations. Thus this study should provide one step toward a better understanding of the relationship between observed behavior and the underlying physics. The objective is in the end to understand the role of the microstructure of the underlying material. In medical imaging such insight could lead to better and more precise diagnoses.
We start by reviewing the various previous approaches for introducing loss and dispersion into the wave equation and then introduce the Caputo wave equation. Then we show that it can be used to find two different approximations depending on the product of the frequency and the relaxation time. The low-frequency case describes compressional wave propagation and some shear wave propagation with powerlaw exponents between 1 and 2. Then an often neglected high-frequency approximation is derived which agrees with observations of various cases of shear wave propagation with power-law exponents down to almost 0.
II. LOSSY WAVE EQUATIONS
For both compressional and shear waves, propagation may be described by a wave equation with a loss operator L,
where c 0 is a propagation velocity. For simplicity, in the rest of this section, we will only discuss compressional waves. As is well established, the form of the loss operator is only simple to justify from the underlying physics for a few values of y, namely, y = 2 and y =0.
A. Quadratic frequency dependence, y =2
The first case is the classical viscoelastic wave equation which applies, e.g., to attenuation in air and water. In that case,
which gives a power-law with exponent y = 2 under the condition that 1, where is a relaxation time that characterizes the medium. 7 This case is the most usual one, but for attenuation in saturated sand in marine sediments, a high product is also of interest, giving a power-law y = 0.5. 8 The way the loss term has been introduced here is actually in agreement with basic requirements concerning the invariance of the wave equation with respect to rotation and translation. 9 Therefore, the viscosity tensor must be linked to second order spatial derivatives of the displacement, hence the presence of ٌ 2 u. The first order time derivative represents a dashpot in terms of a mechanical representation. Thus the wave equation represents a spring and dashpot in parallel, which is the classical Voigt model.
B. Frequency-independent attenuation, y =0
Another physics-based lossy wave equation is given by Lu ϰ −‫ץ‬u / ‫ץ‬t. It describes a medium which in the highfrequency limit has a constant loss, independent of frequency ͑y =0͒. However, this case applies primarily to electromagnetic waves, i.e., an electric field in a conducting medium or transverse electric waves in a homogeneous isotropic plasma.
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C. Fractional approaches
Szabo
1 developed a wave equation for y between 0 and 2 which matched the last case at y = 0. For y = 2 it was similar to an approximation to Eq. ͑3͒ where the viscoelastic loss term had been approximated by a third order time derivative, Lu ϰ ‫ץ‬ 3 u / ‫ץ‬t. 3 His work was based on the observation that the order of the time derivative for the loss term in the partial differential equation is one more than the exponent y.
Chen and Holm 10 interpreted the Szabo operator in terms of fractional derivatives, as it was found that it implicitly implies the Riemann-Liouville fractional time derivative. It was also found that better numerical properties can be obtained if it is replaced by a fractional operator due to Caputo. 11 For the purpose of this paper, the fractional derivative is easiest to define in the frequency domain where it is an extension of the Fourier transform ͑FT͒ of an nth order derivative:
The fractional derivative of arbitrary order can be understood as a generalization where the integer n is replaced with a real number. The time domain equivalent involves a convolution integral, see Sec. IV C. This implies that the fractional derivative, in contrast to integer order derivatives, has memory. 10 Using this concept, the modified Szabo loss operator is proportional to
There is an implicit sign change for y =2. Chen and Holm 12 reformulated the lossy wave equation in terms of a fractional derivative in the spatial domain, i.e., a fractional Laplacian. The loss operator in that case is
The advantage of this approach is that it falls exactly back to the loss operator of Eq. ͑3͒ for y = 2, not just its approximation with a third order time derivative. A disadvantage of both of these formulations is that they do not guarantee a causal solution. For this reason, Szabo's original loss operator is based on a parabolic approximation to Eq. ͑5͒ which was shown to satisfy the Kramer-Kronig relations.
1 A similar approach could probably have been applied to Eq. ͑6͒ as well.
Both the loss operators of Eqs. ͑5͒ and ͑6͒ agree with the wave equation with constant loss with frequency ͑y =0͒. By neglecting this case which usually does not describe mechanical waves anyway, Wismer 13 proposed a new loss operator
where the order of the derivative is between 0 and 1. It is equivalent to the loss operator of the viscoelastic equation for y = 2. Just like the loss operators proposed by Szabo 1 and Chen and Holm, 12 Eq. ͑7͒ seems to have been found by inspection, as little justification is given with a basis in physics arguments. 13 Equation ͑7͒ will give a causal wave equation, 13 unlike Eqs. ͑5͒ and ͑6͒. One can ask oneself why this is the case when no causality constraint has been forced upon it. This seems to hint at some deeper justification in the underlying physics. Another feature which points in the same direction is the presence of the ٌ 2 u operator in the loss term and the implied invariance with respect to rotation and translation. Equation ͑7͒ actually turns out to be based on a constitutive equation which is a fractional stress-strain relationship. It was first used to derive a lossy wave equation by Caputo in 1967, 11 as pointed out by Kelly and McGough.
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III. FRACTIONAL CAPUTO WAVE EQUATION
The derivation starts with the assumption of a fractional relationship between stress T and strain S. This is a generalized version of the lossy Hooke's law, as used by Caputo:
where c is the stiffness and the viscosity. z 0 covers the range from z 0 =0 ͑no viscosity͒ to z 0 =1 ͑classical viscosity, i.e., dashpot͒. The case with z 0 approaching 0 is of special interest and will be discussed in Sec. IV C. Even higher values for z 0 than 1 could also be possible as we will see later.
Bagley and Torvik 15 traced the origins of this relationship back to 1921 and motivated it by reference to molecular theories. Since then, this relationship has been used extensively in the shear wave domain and found to agree well with measurements. 5 Equation ͑8͒ is combined with Newton's law:
and because strain and displacement u are related via S = ‫ץ‬u / ‫ץ‬x, one obtains a wave equation with a loss operator similar to Eq. ͑7͒, i.e.,
The mechanical representation of this equation is a spring and a so-called spring-pot in parallel. 16 It therefore represents the fractional generalization of the classical Voigt model where the spring-pot can continuously interpolate between a pure spring, z 0 = 0, and a pure dashpot, z 0 = 1. In this equation, the parameters are the relaxation time, z 0 = / c, and the propagation velocity, c 0 2 = c / .
A. Compressional and shear wave equations
In the rest of this derivation we will follow Chap. 4.2.6 of Royer and Dieulesaint 7 who generalize the derivation above to an isotropic solid. The only difference is that Royer and Dieulesaint assumed z 0 = 1 throughout their derivation.
In an isotropic solid, the only stiffness parameters are c 11 = K and c 44 = for compression and shear, where K is the bulk modulus or the inverse of the compressibility, and is the shear modulus. The viscosity coefficients are 11 and 44 for compression and shear, respectively.
The wave equation of Royer and Dieulesaint 7 describes combined compressional and shear wave propagation. If only one wave type is present at a time in the form of a plane wave, the equation can further be separated into a compressional wave equation and a shear wave equation, with j =1 or j = 4, respectively. They both obey the same fractional wave equation
The parameters are the zero-frequency propagation speed, c 0,jj = ͱ c jj / , and the relaxation time jj z 0 = jj / c jj . In the rest of the derivation, the subscripts jj will in most cases be dropped as it will be clear from the context whether both compressional and shear waves are meant, or only a single wave type. It is also straight-forward to extend the wave equation to the three dimensional case, as in Eq. ͑10͒.
It is evident that insertion of z 0 = 1 in Eq. ͑12͒ gives the viscoelastic equation, Eq. ͑3͒. When z 0 = 0 the equation degenerates to the elastic, loss-less, wave equation as the first and the last terms merge into one.
B. Dispersion relation
The dispersion relation for the Caputo wave equation, Eq. ͑10͒, is found by assuming a harmonic, plane wave solution, u͑x , t͒ = exp i͑t − kx͒. The one dimensional case is also assumed:
It can be solved to yield 
IV. LOW-AND HIGH-FREQUENCY DISPERSION RELATIONS
In most analysis of dispersion relations, such as Eq. ͑14͒, it is assumed that is small to make further approximations. It is here we will make it a point to analyze both cases, i.e., either the regime where 1 or the regime where 1.
A. Low approximation, y = z 0 +1
This case is determined by ͑͒ z 0 1, which means that elasticity dominates over viscosity. It covers most of the compressional wave cases of interest because the compressional modulus in biological tissue is very large ͑of the order of gigapascals͒. In, e.g., air 11 Ϸ 10 −10 s, implying that for z 0 = 1, frequencies up to the megahertz range are in this regime. In water 11 Ϸ 10 −12 s, 17 , so frequencies up to hundreds of megahertz should be covered.
In the human body, however, 44 is in the order of 0.002 s, 2 so only frequencies much less than about 10 Hz, such as in quasi-static elastography, are in this range.
In this case, the cosine and sine terms in the denominator of Eq. ͑14͒ are small compared to unity and one can approximate as follows:
The first term is the dispersion-less and attenuation-less propagation term. It is followed by a dispersion term and by the imaginary part which describes attenuation. Note that the dispersion and attenuation terms form a Hilbert transform pair, showing that the wave equation is causal. 18 Since k = ␤ − i␣, the attenuation term is
When written in the form of Eq. ͑1͒, the power-law is
This is similar to an expression found by Kelly and McGough. 14 The relationship between z 0 and y is y = z 0 + 1. ͑18͒
As mentioned previously, experimental data suggest that the exponent y is in the range ͑1,2͔, i.e., z 0 ͑0,1͔ which agrees with the initial boundaries foreseen for z 0 .
The phase velocity can be found from the real part of the wave number in Eq. ͑15͒:
͑19͒
The velocity dispersion can be found by subtracting c 0 :
This result is the same as Szabo's equation ͑18b͒ which he presented for a medium which obeys causality. 18 It shows that the velocity starts from c 0 at very low frequencies and increases with frequency. It also shows that there is no velocity dispersion for y = 2 as expected.
Numerical simulation of wave propagation in the low case has been developed by Wismer. 13 She used a spatial finite element method and a temporal finite difference method for the fractional operator. This paper also shows several examples of interesting simulations of viscous attenuation with 1 Ͻ y Յ 2.
B. High approximation, y =1−z 0 /2
In the other case, ͑͒ z 0 1, viscosity will dominate over elasticity. This covers shear waves in tissue above about 10 Hz, i.e., the interesting range up to 500 Hz or so used in various forms of dynamic elastography or rheometric measurements. In this case, the 1 in the numerator of Eq. ͑14͒ is small compared to the other terms and can be neglected providing the following approximation:
͑21͒
Again it can be seen that the dispersion term, the first term, and the attenuation term, the second one, form a Hilbert transform pair. 18 The attenuation term in this case is
Expressed in the terminology of Eq. ͑1͒, it is
Thus the relationship between the power-law exponent and the order of the fractional derivative is
The range for z 0 in Ref. 13 is 0 Ͻ z 0 Յ 1, implying that y ͓0.5, 1͒. But there is nothing fundamental in the stressstrain relationship, Eq. ͑8͒, that should restrict the range to z 0 Յ 1, so we will let z 0 approach 2, implying that y can be in the range ͑0, 1͒. But, as shown by Knopoff, 19 an even z 0 implies that the stress-strain relationship becomes lossless, so z = 2 should be avoided. Therefore, the maximum range is 0 Ͻ z 0 Ͻ 2.
The phase velocity as a function of frequency can in this case also be found from the real part of the wave number, Eq. ͑21͒:
C. Linearly increasing attenuation, y =1
The case for y =1 ͑z 0 =0͒ is special in that both for the low and high cases, the generalized Hooke's law, Eq. ͑8͒, degenerates to a simple linear stress-strain relation. Therefore all losses vanish, i.e., ␣ 0 → 0 ͓Eqs. ͑17͒ and ͑23͔͒. However, losses described by y = 1 are interesting for many materials, e.g., in seismics. One way to deal with it is to let z 0 = ⑀ be very close to 0.
This was the approach taken by Buckingham 20 for modeling unconsolidated granular materials including marine sediments. He used a loss operator which was expressed as a convolution with a relaxation or memory function and which was justified by reference to earlier work on porous dissipative media:
The relaxation function and its Fourier transform are
where ⌫ is the gamma-function and the Fourier transform is valid for 0 Ͻ z 0 Ͻ 1. The transform is of the same form as Eq. ͑4͒, and this formulation is equivalent to Eq. ͑10͒ using the Riemann-Liouville fractional derivative. 10 This can be seen by Fourier transformation of the loss operator, Eq. ͑26͒, which gives ⌫͑1−z 0 ͒͑it 0 ͒ z 0 k 2 . Except for a constant, this is the same as the loss term in Eq. ͑13͒. Szabo and Wu's 6 Hooke's law with a convolution operator is also related to this. Buckingham was interested in the case when z 0 approaches 0 in order to model attenuation with a power-law close to y = 1 and used a series expansion in order to find the attenuation and the phase velocity. He also gave a numerical example with z 0 = ⑀ = 0.05 to illustrate this.
In a similar way, when the first term for the McLaurin series for the sine function is used in Eqs. ͑16͒ and ͑22͒, the same result is obtained for both the low-and high-frequency cases:
In this way attenuation with power-law behavior very close to y = 1 can be described for the two cases.
D. Link to complex shear modulus E. Potential relation to self-similar materials
It has not escaped our attention that the power-law model in the low approximation case that we have found agrees with that recently found by Garnier and Sølna 21 for compressional waves in a random medium with long range correlation. There it was found that the power-law can be derived from a random medium where c 11 , the bulk modulus, has a stochastic variation described by a parameter ␣ which may be the same as our z 0 . It is related to the Hurst parameter H of the underlying stochastic process as ␣ =2−2H with H
lation function implies that it is not integrable and is characteristic of self-similar or fractal processes.
If it turns out that the long range correlation property is equivalent to our low-frequency approximation, then this suggests a link to the stress-strain relationship, as the same parameter may describe the tail of the medium's correlation function, the stress-strain relationship, and the power-law of the attenuation.
V. FIT TO MEASURED DATA
Shear modulus data from cell rheology suggest values for z 0 Ϸ 0.2 valid over three orders of magnitude in the frequency range from 0.01 to 10 Hz. 22 Data for breast parenchyma obtained at about 80 Hz suggest values for z 0 Ϸ 1.7.
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The low-frequency cut-off value c ͑or ͒ is rather low, as can be seen from rheological brain data. 23 Thus, all those shear experiments typically fall into the high-frequency approximation of Eq. ͑14͒.
The shear wave attenuation data of Szabo and Wu for lexan, and low-and high-density polyethylene show y between 0.695 and 0.95 in the 2 -8 MHz range. 6 This suggests that the high approximation is valid, and that values for z 0 =2−2y are in the range from 0.1 to 0.61. On the other hand, some materials which support shear wave propagation may also be in the low regime, e.g., yttrium indium garnet with y Ϸ 2 in the 100-1000 MHz range. 6 We also analyzed data published by Asbach et al. 3 who did MR-based measurements of shear wave propagation in liver in the range from 22.5 to 67.5 Hz. We took the best data set shown in their Fig. 5 , those for a healthy volunteer, and fitted power-law models. First such a model was fitted to their velocity data, and according to Eq. ͑25͒, we found that z 0 / 2 = 0.18Ϯ 0.07. Second, we fitted a power-law to their attenuation data, and according to Eq. ͑1͒, the result was y = 0.73Ϯ 0.07. Thus within the uncertainty of the data, these exponents are in agreement with the relationship for the high-frequency approximation case, Eq. ͑24͒. The model presented here could therefore be an alternative to the standard linear solid model Asbach et al. had fitted, using three viscoelastic modeling parameters. Actually our model behaves better at low frequencies as it does not predict a non-zero velocity for 0 Hz.
Good data are hard to find in the megahertz range, but Gómez Álvarez-Arenas et al. 24 published attenuation and dispersion data for shear wave propagation in aerogels. They fitted a power-law over the range 0.44-1.2 MHz and found y = 0.5Ϯ 0.15. They then used the dispersion data to find the shear modulus as = c 0,44 2 . The measured values for the real part of the shear modulus are plotted as stars in Fig. 1 . Gómez Álvarez-Arenas et al. commented that the data do not fit simple and basic viscoelastic single-relaxation models ͑Voigt and Maxwell͒. In our framework, a value of y less than 1 suggests that the high-frequency regime applies and that Eq. ͑24͒ can be used to find a value of z 0 =1ϯ 0.3. Indeed when these curves are plotted on top of the data in Fig. 1 , it is evident that within this rather restricted range of frequencies and within the uncertainty in y, the data seem to follow the power-law quite well. However, the actual variation in the data is very low compared to the absolute value, only 0.18 MPa for a shear modulus in the 8.5 MPa range. Therefore the fit will be very sensitive to measurement uncertainties, as indeed may be the case for the imaginary part which according to Eq. ͑32͒ should follow a similar powerlaw, but which it does not for this data set.
As noted, acoustic data from marine sediments have been modeled using special cases of the proposed model. The z 0 = 1 case for low and high products can be used for saturated sand 8 and z 0 close to 0 and power-law y Ϸ 1 can be used for unconsolidated granular materials.
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VI. DISCUSSION
This analysis has been motivated by the observation that power-law behavior for the frequency dependence of viscoelastic parameters can be introduced by fractional derivatives. In order to remain invariant with respect to rotation and translation of the coordinate system, the fractional time derivative must be introduced according to Eq. ͑8͒. This leads to power-law dispersion relations for the complex mechanical moduli where the power-law exponent is equal to the order of the fractional derivative z 0 Ͼ 0. The obtained dispersion equations satisfy causality. Most experimental ultrasound related literature shows power-law exponents for the compressional wave attenuation ␣ = ␣ 0 ͉͉ y between y ͓1,2͔ and establishes the following link between y and z 0 : y =1+z 0 . However, most experimental low-frequency shear wave data have attenuation with power-law exponents y Ͻ 1, which are different from the previous findings for compressional waves if we exclude the possibility of fractional derivatives of negative order.
This dilemma is made even stronger by the observation that Eq. ͑29͒ holds equally for the compressional as well as for the shear modulus. Thus, how come that different intervals for y are observed when studying the attenuation properties of compressional waves in the megahertz regime and of shear waves in the hertz regime?
The solution to unify both worlds is by starting from the Caputo equation ͑10͒. Since it is derived from physics, it automatically gives a causal solution, and its dispersion equation satisfies the Kramers-Kronig relations. Thus, there is no need to force the Kramers-Kronig relations afterward or to modify the descriptions to fit the Kramers-Kronig relations. In studying the exact dispersion relations, Eq. ͑14͒, particular care must be used when doing approximations concerning the -term. We found that depending on the magnitude of the -term, different relationships between z 0 and y hold ͑see Fig. 2͒ .
• When considering compressional modulus properties in tissue, the -term is small compared to 1 due to the fact that tissue is quasi-incompressible leading to a compressional parameter value of the order of gigapascals; thus, here we must use the low-frequency approximation leading to the relationship y =1+z 0 .
• When considering shear modulus properties in tissue, the -term is of the order or large compared to 1 due to the fact that the low-frequency cut-off value for the shear modulus is rather low ͑tenth of kilopascals͒; thus, here we must use the high-frequency approximation leading to the relationship y =1−z 0 / 2.
VII. CONCLUSION
We have derived a fractional wave equation which is based on a fractional stress-strain relationship. The order of the fractional operator in both the wave equation and the stress-strain relationship is z 0 , where 0 Ͻ z 0 Ͻ 2. The wave equation gives a causal solution as it is founded in a constitutive equation. It also satisfies the requirement for invariance to rotation and translation as second order spatial derivatives are found in the loss operator.
The equation results in attenuation which increases with ͉͉ y for both pressure and shear waves. In the low-frequency case, the exponent is y = z 0 + 1 and falls between 1 and 2. This is typical for most cases of compressional waves as found in, e.g., tissue and also some cases of shear waves and agrees with observations. In the high-frequency case, which often has been overlooked, the exponent is y =1−z 0 / 2 and falls in the range between 0 and 1. This agrees with what has been observed for shear waves in, e.g., dynamic elastography.
The fractional wave equation thus unifies two regimes that up to now have been described by partly different theories due to the different ranges of the power-law exponents.
